TopaliFbIPOB YHUBEPCUTETIHiH Xa0apUIbIChI
FBIJIBIMU )KYPHAJIBI

HAYYHBIH )KYPHAJI
Bectnuk TopaiirelpoB yHHBepcUTETA

Topal¥fbIPpOB YHUBEPCUTETIHIH
XABAPHIBICHI

3HepFeTI/IKaJIbIK CEpUsAChHI
1997 xxpu1nad Oacran MIBIFaIbI

BECTHHUK
TopaiirpipoB yHUBepcUTETA

OHepreTmyeckas cepusa
WMsmaeTrcs ¢ 1997 roma

ISSN 2710-3420

Ne 1 (2026)

ITIAB/IOJAP



HAYYHBIN ) KYPHAJ

BecTtHuk TopaiirslpoB yHHBepcUTEeTA

JHepreTuyeckas cepusi
BBIXOAWT 4 pasa B rof

CBUJIETEJBCTBO
0 IIOCTAHOBKE Ha IepeydeT IEPHOIMYECKOTO MEYATHOTO U3IaHHMS,
UH()OPMAIMOHHOTO areHTCTBA M CETEBOTO W3IaHMsI
Ne 14310-K
BBIZIAHO
MUHUCTEPCTBO HHGOPMAIIUU U OOLIECTBEHHOTO Pa3BUTHS
Pecnyonuku Kazaxcran

TemaTnyeckasi HANPaBJIeHHOCTh
myOaMKaIys MaTeprajIoB B 00JIaCTH JIEKTPOIHEPTETHKH,
ANIEKTPOTEXHOJIOT MU, ABTOMATU3AIINH, aBTOMATH3UPOBAHHBIX U
MH(OPMALIMOHHBIX CUCTEM, DIIEKTPOMEXaHUKH M TEIJIOIHEPIeTHKH

IMoanucHoii nagekc — 76136

https://doi.org/10.48081/BGQF1934

Bac penakropsi — riiaBHblii pe1akTop

Tanumos O. M.
doxmop PhD, accoy. npogeccop (Oouerm)
3amMecTHTeNb ITABHOTO pefaKTopa Kanraes A.T., ookmop PhD
OTBeTCTBEHHBIN CeEKpeTapb CarpiHasIK 9.5., doxkmop PhD

Pegakiusa aakacsl — PerakumonHast Konmerns

Knenens M. ., 0.m.H., npogeccop

Huxudopos A. C., 0.m.H., npogeccop

Hosoxunos A. H., 0.m.H., npogeccop

Amudepos A. U, 0.m.H., npogeccop (Poccutickas Dedepavust)
Komrekos K. T., 0.m.H., npogeccop

ITpuxonpko E. B., K.M.H., npogeccop

Kucnos A. 11, K.M.H., 00yeHm

Hedrucos A. B,, doxmop PhD

IMepsasos C. K. T.F.1., npogeccop (Poccuiickas Pedeparust)
Wckakosa 3. C. mexHu4eckuii pedaxmop

3a JOCTOBEPHOCTE MaT€PUAIOB U PEKIIaMbl OTBETCTBEHHOCTb HECYT aBTOPHI U PEKJIIAMOAATEIIN
PCL[B.KHHS{ OCTaBIISIET 32 COOOM IIpaBO Ha OTKIIOHEHHUE MAaTEpHAIIOB
HpI/I HCIIOJIb30BAaHNU MAaTE€PHUAJIOB XKypHaJla CChIIIKA Ha «BectHuk Topaﬁrblpon YHUBEPCUTETA» obs3aTenpHa

© TopalirblpoB yHHBEPCHTET



TopaiirsipoB yHuBepcureTinin xadapubicsl. ISSN 2710-3420. Onepeemuranvix cepuscor. Ne 1. 2026
SRSTI 06.35.51

https://doi.org/10.48081/BGQF1950

*U. Zhalmagambetova’, R. Tashlykova? V. Larkin®
"Toraighyrov University,

Republic of Kazakhstan, Pavlodar;

23NPF LLC «SevKazEnergoPromy,

Republic of Kazakhstan, Pavlodar

'ORCID: https://orcid.org/0000-0002-2261-2222

*ORCID: https://orcid.org/0009-0004-7285-9305

*ORCID: https://orcid.org/0009-0008-2079-3358

*e-mail: ultuara@mail.ru

DEVELOPMENT OF A MATHEMATICAL MODEL FOR
TEMPERATURE DISTRIBUTION IN A HEATING SYSTEM

This paper presents a mathematical model of heat transfer fluid flow
distribution for creating a digital twin of a district heating system, using
the district heating networks of Pavlodar as an example. Modeling such
systems allows for the optimization of heat transfer fluid distribution,
taking into account various parameters such as temperature, pressure,
flow rate, and pipeline characteristics. As an example, a mathematical
model of temperature distribution in a heating network has been developed
based on the heat exchange process with the environment, and options for
above-ground and underground (tunnel) piping have been considered. The
description of temperature distribution along the length of the pipeline
between network nodes has been utilized.

The aim of the study is to create an effective mathematical model that
can be used to calculate and optimize heat transfer fluid flows in heating
systems. The model can be applied to the design of new systems and the
modernization of existing ones, as well as for real-time operational control
of heat transfer fluid flows.

The main objectives of the study include analyzing existing methods and
approaches to modeling heat transfer fluid flows, developing a mathematical
model that accounts for the characteristics of heating networks, and verifying
and validating the model based on experimental data.
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The results of this research may be useful for specialists in the field of
heat supply, design organizations, operating companies, and researchers
working on issues of energy efficiency and optimization of heat supply
systems.

Keywords: mathematical model, digital twin, heat supply, thermal
calculation, hydraulic calculation.

Introduction

Implementation of digital twin into the work of housing and communal
services is rentable in order to optimize the work of heat supply system, prediction
the emergencies, heightening efficiency and reduction the expanses. The use of a
backup system contributes the stability of energy supply for objects with minimal
spends and the anticipations of emergency changes [1].

In order to implement the digital twin in the first place is necessary to obtain
adequate mathematical model of real system, which will take into account various
factor and choose the optimal solutions of assigned tasks. The point of view of
analysis and failure prediction it is obligatory in base of previously received and
processed data letting reduce the risk for consumers and minimization of downtime
and cost of servicing heating system. The possession of digital model enables
testing new solutions before implementation in a real system; this will reduce the
risks and costs of experiments. For consumer the digital twin will provide precise
data in the shortest possible time, making maintenance more transparent increasing
trust and complacency of consumers. Modeling assists to ensure that the heating
system corresponds all established requirements and standards [2].

Materials and methods

First step making the adequate model is collection and analysis of initial
data. By defying the parameters of heating system, including the characteristics
of pipeline, pumps, heat exchangers and other elements, temperature and pressure
data and reliable operation, one can begin to select a suitable modeling method.

Let us consider, as an example, the development of a mathematical model
for temperatures distribution in a heating network based on the process of heat
exchange with the environment [3].

Temperature distribution along the section of pipeline (feed or return) between
the nodes of heating network is described by following heat transfer equation:

5T+ 4K
"ax pDCp

where X is the coordinate along the section of a pipeline;

(T-T.,,) =0, (1)
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T is the coolant temperature (water);

p,Cp are the density and specific heat capacity of water:

D is the internal diameter of pipeline;

u is the average flow velocity across the cross-section of a pipe expressed
in terms of water consumption q: it = %;

K is the heat exchange coefficient from the coolant flow to the environment;

Tony is the temperature of the environment

The equation has the following solution, called Shukhov’s formula:

_mpKDx
T(x) =Tony + (T{] - Tenv)e acp (2)
The value of K is defied from following ratios:
1
= =R =Rip + Rins + Roue (3)

KnD

where R is the general thermal resistance of heat transfer pipe;

Ry, is the thermal resistance heat transfer from the coolant to the pipe wall;

R ;5 is the thermal resistance of the pipe insulation coating;

R ;¢ is the thermal resistance from the outer surface of the pipe to the
external environment.

The value B}y, was defied by means of the Nusselt number N, expressed
via Reynolds number Re and Prandtl number Pr [4]:

1
R = gy M= 0020 Ge)PS - (Pr0
b . @)
u W
Re = —_—, Pr = Pt
Vv ﬂ_w

where is the thermal conductivity of water;
V is the kinematic viscosity of water.
The Rins value was determined from the parameters of isolation coating:
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R L
ins znﬂ-:’ns n D, (%)
where Dy, D5 are internal and external diameters of the pipeline insulation coating
layer;

Ains is the thermal conductivity coefficient of the insulation layer.

The Ty, value in formula (2) and the R ¢ value in ratio (3) were determined
depending on the type of pipeline installation (overground, underground
channelless and underground channel). As a rule, each sector of the heating network
contains two pipes: supply and return pipes, which have various temperatures of
the coolant. In contrast with underground, the overground insulation the influence
of temperature field parallel to the pipe laid (adjacent) to the pipe in question was
not considered [4].

Results and consideration

For above-ground pipeline installation, the outside air was considered as the
ambient air, the value was calculated using the following formula [5]:

1

_, - =11.6 , 6
@qirTD, air w ©

Tenvy = Tair, Rout =

where @g;, is the coefficient of heat transfer from the outer surface of the pipe
to the surrounding air;

w is the wind velocity;

T qir is the outside air temperature.

For above-ground pipeline installation, the outside air was considered as
the ambient air, the value R gy¢+ was calculated using the following formula [6]:

T _T Tavg - T:gr o (Tavg _T‘Ig;r)ﬁﬂ - (T’av‘g - T:;;r)RO
e Rout RoRo — Riy
7
S VT )
T 2, . s

where: Ty is the soil temperature

Tapg, Tavg are the average mean of temperatures respectively; considered
and neighboring pipes;

Ry is the additional thermal resistance of heat transfer between two pipes
in the ground;

Rgr is the thermal conductivity coefficient of the surrounding soil;
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H is the depth of the pipeline to its axis;

& is the the distance between the axes of the pipe in question and the adjacent
pipe;

Ry, Ry are the total thermal resistances of the pipe in question and the adjacent
pipe without taking into account the mutual influence of their temperature fields.

The values Rg, R, o are calculated using formula, where corresponding
R, ut, Rgut values R 5yt Rom are equal to the thermal Rgr soil resistance Rgr,
which is determined using Forchheimer formula [7]:

®)

When laying a pipeline underground in a channel, the air in the channel was
considered as the environment, the R ;¢ value was calculated as the sum of the
thermal resistances of successive heat transfers in the channel:

Tenv = Tair Ryt = Rgir + Rmni + RE?“

atr » air wal
Ren= L g 1 _ 2deanhican ©)
o aggmDy’ WA aggt D g, “" " dean + hean
Hh
11’1 (35 dZ—m)
Rean — can

A (5 7+ zd;:a“n)

where Rgi, Ri, RGF™ are the values of corresponding thermal resistances:
heat exchange from the surface of the insulated pipeline into the air space of the
channel, heat exchange from the air to the ground, heat exchange around the
channel,;

a S is the heat exchange coefficient of air in the channel, according to [8]

was accepted 8 W/(m"2x°C)
Dcan, d can» Rean 1S the equivalent diameter, width and height of channel
TEE™ is the channel air temperature, which was calculated according to the
next ratio for thermal resistances:

can can can
Ta:r _Tavg Ta:r _Tavg Ta:r - Tjgr‘

RI']":S + Rc?n R[’ns + R;?r]:t RCGII + R‘E}:?n

air

=0 (10)
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Where Rins, RS are the corresponding values of thermal resistances
(insulation coating and heat transfer from the surface of pipe into the air space
of the channel) [9].

As can be seen from the formulas (7)—(10) calculating temperature at the
end of an underground pipe section requires calculating the water temperatures
in adjacent pipe, which also depends on the temperature in the pipe in question.
Therefore, during underground installation, an iterative process is used to calculate
the final temperature of the section until the required accuracy is achieved [10].

Financing information

This research was funded by the Science Committee of the Ministry
of Science and Higher Education of the Republic of Kazakhstan (Grant
Ne BR24992907 for 2024-2026)

Conclusions

A formatted mathematical model of the relationship between heat supply
system parameters was defined, serving as the basis for developing a flow
calculation algorithm considering various system operation scenarios. Using the
initial temperature T at the inlet pipe of a section of the heating network and
coolant flow rate g through this section, the corresponding final temperatures
Tena were determined using formulas (9)-(11).

Temperature distribution across the entire heating network was defied using
breadth-find search (graph traversal method), beginning from the nodes of heating
network (thermal power plants, heating plants), for which temperatures in outlet
were set. The heating network nodes were bypassed in the positive direction of
flow (q > 0). When bypassing the heating network nodes, the temperature T
at the inlet of subsequent sections of the heating network (the temperature at
the outlet of the initial node of the section) was calculated based on the thermal
energy balance:

2ie 1(Qi ) (Tend)i )
To ="~ — AT (1n
i=1 qi
where 7 is the number of nodes in heating network from which the flow comes
to the current node;
G, (Tena)i is the values of water flow rate and final temperature at the i-th
section of the pipe entering the current node;
AT is the temperature loss in current node.
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If the current node is a consumer in heat supply system, then AT = 0,
otherwise AT = 0,

The software code for solving the problem of temperature distribution in a
heating network based on heat exchange with the environment was written in C#
and implemented as a separate software module within the System. Implementing
a digital twin using the calculated model will enable real-time diagnostics of the
heating system’s condition, determining process parameters at any given time,
and predicting parameter fluctuations and emergency situations.
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KBLTY KEJICIHIAEI'TI TEMIIEPATYPAHBI BOJIY ITH
MATEMATHUKAJIBIK MOJEJIIH )KACAY

Byn maxanaoa Ilasrooap swcwiny dceninepiniy Mblcanbii KOLOAHA
OMBIPBIN, HCBLILY HCYUECIHIH CAHOBIK e2i3IH JHcacay Yl CalKblHOamKbiuL
ARLIHLIHBIY MAPALYbIHbIY MAMEMAMUKALbLIE MOOENT Kapacmulpblidob.
Mynoaii scytienepdi modenvoey memnepamypd, KblCbiM, A2blH
AHCHLIOAMOBIZbL JHCIHE KYOblp CUNAMMAMANAPLL CUAKMbL 2PMYPILi
napamempuaepoi eckepe OMbIPbIN, CANKIHOAMKLIUMbIY MAPALYbIH
OHMALIAHObIPY2A MYMKIHOIK Oepedi. Byn mvican yuin Kopuwiazan opmamen
JHCHITY AIMACYbIHA He2i30eN2eH JCbLLY JiceNliciHOe2i memMnepamypaHboly
Mapanybiibly MAMeMamuKaniblk MOOeL HCACANObl HCIHE JHCep YCMi HCIHe
arcep acmul (KyObip) OpHAmMy HYCKAIApsl KapacmuipulLiovl. XKeni myiindepi
apacwvlnoazel KyOsbipObly Y3bIHObIEbL OOUbIHULA MeMnepamypaHbly
Mapanyblibly CUNAMMAamMAacsl NAUOAIAHBLIObL.

3epmmeydiy maxcamor — JHcblry dcylienepinoei carkblHOAmKbIL
A2BIHOAPBIH ecenmey HcaHe OHMAULAHObIPY YULiH NatloanaHy2a OOLambIH
muimoi Mamemamukaivlk Mooeavoi scacay. Mooenvoi scana sncyiienepoi
arcobanayza Hecane Koao0aHblCmaesl KHeylenepoi Heayblpmyed, coHOAl-ax,
HaKmul yaKblm pesicuminoe CaIKbIHOAMKbIUL AebIHOAPbIH Jicedel OacKapyea
Konoauyea 601aobvl.

3epmmeyoiy necizei maxcammapuvlna CaiKblHOAMKbIWL ASbIHBIH
MO0enboeyoiy KoNOaHvlcmagvl 20icmepi MeH maciidepin manoay,
JACHLILY JiCeNiNepPiHiy HAKMbl CUNAMMAMANAPLIH ecKepe Omblpbin,
MAMEMAMUKATBIK MOOENbOI d3Ipey dHCaHe IKCRePUMEHMMIK OepeKkmepze
Heziz0eneeHn MoOenbOi mexcepy KHcaHe sanudayusnay Kipeoi. 3epmmey
Homudicenepi HCbLIYMEH HCAOOLIKMAY MAMAHOAPYL, HCOOANAY YUbIMOApbI,
nauodanany KOMRAHUALAPsL JHCIHE ICHIIYMEH HCADObIKMAY Jicylienepiniy
9Hepeus muimoiniei MeH OHMAUIAHObIPYbL OOULIHULA HCYMBIC ICMelmiH
3epmmeywinep yYulin natoanvl 601ybl MyMKIH.

235



TopaiireipoB yHHBepcuTeTiHIH Xabapibicel. ISSN 2710-3420. Onepeemuxanvix cepuscol. Ne 1. 2026

Kinmmi ce30ep: mamemamuranvix MoOenb, CAHObIK €213, HCbLLYMeH
KamMmy, JHCbLIYIbIK ecenmey, 2UOPAGIUKALbIK ecenmey.

*V. K. Kaimaeambemosa', P. B. Taunvikoea?, B. A. Jlapxun’
'TopalrbIpOB YHUBEPCHUTET,

Pecny6immka Kazaxcran, r. [1aBmonap;

23TOO HII® «CesKazDueprollpomy,

Pecny6nmka Kazaxcran, r. [TaBmomap

IMoctynuno B penakuuio 08.01.26.

Ioctynuno ¢ ucnpasnenusimu 20.01.26.

IIpunsTo B nevars 27.02.26.

PA3PABOTKA MATEMATHYECKOM MOJEJIN
PACITPEAEJEHUA TEMIIEPATYP B TEIJIOCETH

B pabome paccmampusaemces mamemamuyeckas mooens
pacnpeoenieHusi nOMoOKO8 menjioHocumeins, 01 cO30aHUs Yuppogoeo
0BOUHUKA CUCTHEMbL MENIOCHAOXCEHUs HA npuMepe Menjiogulx cemell
eopooa Ilasnodap. Mooderuposanue maxux cucmem no360asem
ONMUMUZUPOBAMb pAcChnpedeneHue MenioHocumens ¢ yuémom
PA3TUYHbIX NAPAMEmPOs, MAKUX KAk memnepamypd, 0asienue, pacxoo
u xapaxmepucmuxu mpy6onpogo0os. [lns npumepa pazpabomana
Mamemamuyeckas MoOenb pacnpeoeienus memMnepamyp 8 meniocemu
UCXO005L U3 NPOYecca menioooMeHa ¢ OKPyicaioujeli Cpeootl, paccmompeHsl
8apuaHmvl HA03eMHOU U NOO3eMHOU (KAHANbHOU) NPOKIAOKU.
Hcnonvzosano onucanue pacnpedeieHue memnepamypuvl no OiuHe
mpyoonpoeooa mexcoy y3iamu cemu.

Lenvio uccneooganusn sagrsiemcsa cozoanue 3¢ pexmusHou
Mamemamuieckol mMooenu, KOmopas moxcem Ovbimb UCHOTb308AHA
014 pacuéma u OnMuMU3aAyUY NOMOKO8 MeNnIOHOCUMENs 8 CUCTNEMAX
mennocHabcenus. Mooenb Modicem npumeHamscs 0 RPOEKMUPOBaAHUsL
HOBBIX U MOOEPHUZAYUU CYWEeCMBYIOWUX CUCTEM, a maxxice OJis
ONnepamusHoO20 ynpagieHus NOMOKAMU MenIOHOCUMeNs 8 PealbHOM
spemeHu.

OcHosHble 3a0a4u UCCIe008AHUSL BKAKOUAION AHAU3 CYUECNEYIOUWUX
Memo008 U nodx0008 K MOOEIUPOBAHUIO NOMOKOE MENI0HOCUMEN,
paspabomky mamemamuieckou mMooeau ¢ yuémom ocobeHHocmell
MeNniosvlX cemell, a Maxice 6epUPUKAYUI0 U 8aTUOAYUIO MOOETU HA
OCHOBE IKCNEPUMEHMATTLHBIX OAHHBIX.
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Pesyromamer ucciedoganus mozym 6vimb nonesnvl 0Js
CReyuanucmos 8 061acmu MenioCHAOICeHUs, RPOEKMHBIX OP2AHUAYUIL,
IKCNIYAMUPYIOWUX KOMRAKUL U ucciedosameneti, 3aHUMAOUWUXC
gonpocamu IHepeodIpGexmueHocmu u ONMUMUZAYUU CUCTEM
MenioCcHabIHcenus.

Kniouegvie cnosa: mamemamuueckas mooens, yugpposoi 08oUHUK,
meniocHabcenue, , Meniogoil pacuem, 2UuOPAGIULeCKUll paciem.
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Komnbrorepne 6erreren: 3. JK. Lllokybaesa
Koppekrop: A. P. Omaposa, JI. A. Koxac
Tanceipsic Ne 4523

Cnano B Ha6op 13.03.2026 r. [Toanucano B nevats 31.03.2023 r.
DIEeKTPOHHOE U3JJaHKE
28.54 Mb RAM
VYen. neu. 1. 22,2. Tupax 300 3k3. Llena noroBopHasi.
KommnsrotepHas Bepetka: 3. XK. MpipxukoBa
Koppekrop: A. P. Omaposa, JI. A. Koxac
3aka3 Ne 4523
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