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MATHEMATICAL MODELING OF NON-SINUSOIDAL
MODES OF TRANSMISSION LINES

Mathematical modeling of non-sinusoidal modes in power
transmission lines is key to understanding and evaluating their operation
in real conditions. This paper addresses the need to develop a model that
takes into account nonlinearities and higher harmonics, which are widely
present in modern power transmission networks. Operational data and
energy audit results indicate the presence of non-sinusoidal modes, which
requires the development of adequate mathematical models for accurate
analysis.

The study of multi-conductor transmission lines involves the use of
mathematical models including telegraphic equations. However, the full
adequacy of such a model requires additional consideration of several
aspects, including two chain lines, surface effect, presence of lightning
protection cables and ground effects on power transmission processes.

This paper presents a mathematical model that takes into account
the above aspects for multi-conductor transmission lines. The features of
two circuit lines, the surface effect in the wires, the presence of lightning
protection cables and the influence of the earth on power transmission
are taken into account.

This model is the result of improving and extending the existing
mathematical framework for analyzing multi-conductor power

transmission systems, which significantly improves the accuracy and
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reliability of predictions and calculations in the field of electrical
engineering and electric power engineering.

Keywords: telegraphic equations, power supply system, power
losses, loss reduction, non-sinusoidal modes, Cayley-Hamilton theorem.

Introduction.

Non-sinusoidal modes in the operation of modern power lines are a given,
which is confirmed not only by publications, but also by the materials of energy
audits conducted to identify higher harmonic components [1]. For a full-fledged
study of non-sinusoidal modes it is required not only to state the fact of its
presence, but also to draw up a proper model of the power line taking into account
the factors maximally approaching the results of calculations to the operational
ones. It is important to take into account the requirements to such a model. The
mathematical model of non-sinusoidal mode should take into account the
following features:

- distributed line parameters for higher frequencies;

- surface effect in conductors for higher harmonics;

- the possibility of calculating the main and higher harmonics of voltages
and currents.

The fulfillment of the above tasks is satisfied by a mathematical model in
the form of telegraphic equations for multi-conductor transmission lines [2]. But
this model requires additional consideration of:

- two circuit lines;

- surface effect;

- lightning protection cables;

- ground influence.

Materials and Methods. For multiconductor lines the mathematical
model meeting the given requirements looks as follows

Ux(wn) = Ae Mu(@n)x 4 potulwn)x:

(1.1)
L (wy) = Ce~Ai@n)* 4 pehilwn)x,
de o . —_
I =—Z(wp)l(wy) = — Ay (wp)e MO A(w,) +
+2, (w,) e @B (w,,);
(1.2)

diy . . —As . .
E = _Y(wn)Ux(wn) = _Ai(wn)e Al(wn)xc(a)n) + +Ai(wn)ell(wn)xD (wn)!
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Here U, (w,,), I, (w,) — column vectors of complex voltages and currents
of frequency w,, — n-th harmonic of dimension mx1 in the section at a distance X
from the beginning of the line;

Awr A; — complex square matrices of dimension mxm, representing
corresponding functions from matrices of eigenvalue and mutual impedances and
conductivities of wires and cables at the frequency of the n-th harmonic Z (w,,),
Y(w,) of dimension also mxm: A, (w,) =+Z(wy)Y(w,), Ai(w,) =
VY (0n)Z(wy).

A A(wy,), B(w,), C(w,), D(w,) are constant column vectors of
dimension mx1 calculated from the boundary conditions of 1.2 at the frequency
of the n-th harmonic:

at the beginning of the line:

—Z(w) Iy (wy) = =2y (W) A(w,) + Ay (@) B(wy);
(1.3)
_Y(wn)Uﬁ(wn) = —2i(w,)C(wp) + A;(wp)D(wy);
down the line:

_Z(wn)jx(wn) = _lu(wn)e_au(wn)lA(wn) + Au(wn)elu(wn)lB(wn);
(1.4)
_Y(wn)UK(wn) = _Ai(wn)e_li(wn)lc(wn) + Ai(wn)eli(wn)lD(wn)'

The total number of mode parameters at the frequency of the n-th
harmonic component is 16m and includes real and imaginary components of
voltages and currents of all wires and cables at the beginning and end of the line,
as well as real and imaginary components of column vectors A(w,,), B(w,),
C(wn), D(wy).

For convenience of transformation B the above equations, we can divide
the parameters into mode dependent and mode independent. The process will
consist of the following steps:

1) Determining the column vector A(w,,), B(w,) by solving a system of
matrix equations based on the first equation of the system (1.1) for the beginning
and end of the line:

Un(wn) = A(wy) + B(wy);
U(wy) = e M@l A(w,) + e @B (w,).
Here [ is the length of the line, and the indices n and k denote the

beginning and end of the line.
The solution of the system when written in block form has the form:
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Alwy)| _ | E E 7' |Uu(wp)| _
Blwp)l — lemtulemt etulontl g ()]
_ Hy; Hypp Uy (wn)
Hy; Hyp Ue(wp)|
where E is a unit complex matrix of dimension m xm.
whence

A((’Jn) = HIIUH(O‘)) + HlZUK(w)
B(wn) = HZlUH(a)) + HZZUK(('U)'

2) Determination of the vector columns C(w,,), D(w,) by solving the
second equation from the system of matrix equations (1.1) for the beginning
and end of the line:

I,(w)=C+D
[ (w,) = Ce4@nx  peilwn)x,

The solution of the system when using block matrix notation is of the

form:
C(wy,) =| E E 7t |(w)| _
D(wy)l ~ le7Aulwnl  plul@n)t [(wp)
_ Wi Wi, L (wy)
Wor Wy, L (wy)|
whence

C(wn) = Wlliﬂ(w) + WlZiK(w)'
D(wp) = Wyl (@) + Wyl (w).

3) Determination of the vector-column voltages and currents at the
beginning and end of the line U, (w,), U (wy), I,(w,). I (w,) using the
system equations (1. 3, 1.4) taking into account certain values of the integration
constant vectors A(w,,), B(w,), C(w,), D(w,):

Y(wn)UH(wn) - Ai(wn) [WlllH(wn) + lelx(wn)] +
+/1L'((A)n)[W21IH((,()n) + WZZIK((Un)] =0

Y(wn)UK(wn) - Ai(wn)e_li(wn)l[Wlllﬁ(wn) + lelx(wn)] +
+Ai(wn)eai(wn)l[W211H(wn) + Waol(w,)] = 0

Z(wp) I (wp) — Ay (wn) [Hy1 Uy () + HypUg(wp)] +
+ Ay (wy,) [H21Uﬂ(wn) + HZZUK(wn)] =0
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Z(wn)lx(wn)_lu(wn)e_aul[HllUH(wn) + HIZUK(wn)] +
+)lu(wn)elul[H21UH(wn) + HZZUK(wn)] =0

The most difficult procedure in these calculations is to compute functions
from matrices: A, (w,) = VZ(w,)Y (n): A;(w,) = /Y (wp)Z(w,), e *ul@n)t,

etu(wn)l o=Ai(wn)l oAi(wn)l The computation of these functions is performed
using the Cayley-Hamilton theorem [3], where the matrix function is defined as

1 -
f(A) = 250 Ay d™ K,

here A is the Vandermonde determinant of det[/ﬁ-‘_l],

I
1 A ,1% /1721—1
W()ﬁ:AZJ---;An) =| 1 ).3 /1% ee /12_1 |

1 A, 22 - /1::-1/

where 4; are the eigenvalues of the matrix A;

4; is the determinant obtained if in A instead of ,1{, Aé,..., ) we substitute
the values of the functions f(1,), f(13),.... f(4,)-

Results and discussion. In those cases when the harmonic components
of the load currents are not known in advance and are determined during the
calculation process depending on the measured voltage spectra using appropriate
mathematical models, e.g. [4; 5] the calculation should be performed iteratively.

Evaluation of the obtained results using a new mathematical model for
multi-conductor transmission lines. This involves comparing the model data with
experimental measurements or with data obtained using other models [1].

A discussion of how effectively accounting for two chain lines, surface
effects, lightning protection cables and ground effects in the model improves the
accuracy and fit of the model to real power transmission conditions [6; 7].

Consideration of the effect of each of the considered aspects on the power
transmission characteristics of a multi-chain line system. For example, how the
transmission parameters change when the surface effect or lightning protection
ropes are taken into account.

A discussion of the limitations of the model and possible ways to improve
or extend it. This may include pointing out missing aspects that have not been
accounted for in this model and opportunities for further research
in this area [8; 9].

98



Becruuk Topaiirsipos yausepcutet. ISSN 2710-3420. Cepust snepeemuueckas, Nel. 2024

A discussion of how the results obtained can be useful for practical
applications in the electric power industry, transmission network design, or for
power system optimization [10].

These aspects of the results and discussions can serve as a basis for
understanding the applicability and significance of the new mathematical model
for multi-conductor transmission lines in engineering and scientific practice.

Information about financing.

This work was supported by the MES of the Republic of Kazakhstan
(grant No. AP09058186).

Conclusion.

The presented equations allow the study of the modes of lines with
different number of wires and lightning protection cables. Also on the basis of
these equations it is possible to determine power losses, and at measurements on
daily and more intervals calculation of electric energy losses

Non-sinusoidal modes in transmission lines require a suitable
mathematical model to account for distributed parameters, surface effects and
higher harmonics, which will provide more accurate research results.

It is important to consider distributed line parameters for higher
frequencies, surface effects in conductors and the ability to calculate both
fundamental and higher harmonics of voltages and currents.

In cases where the harmonics of load currents are not known in advance
and are determined during the calculation process, iterative methods are used for
accurate modeling taking into account the measured voltage spectra.

The developed equations allow studying different modes of transmission
lines with different number of wires and lightning protection ropes, as well as
determining power and electrical energy losses at different time intervals.

This work highlights the importance of mathematical modeling for more
accurate analysis of non-sinusoidal modes in transmission lines, which is of key
importance for efficient and reliable operation of power grids.
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MATEMATHYECKOE MOJEJINPOBAHUE
HECHUHYCOWJIAJIbHbIX PEXKUMOB JTUHUM
JIEKTPOIIEPEJAYN

Mamemamuueckoe mooenuposanue HeCUHyCOUOATLHBIX PEHCUMOS 8
JIUHUSIX 9NEKMPONepeoayu 8sencs KiouesbimM 015l ROHUMAHUS U OYEHKU
ux pabomvl 6 peaibHbix yCi08usx. B oannoil pabome paccmampusaemcs
HeoOX00UMOCmb pa3padomKu Mooeiu, Yuumvléauiell HeliuHeliHoCmuy u
sblCUILE 2APMOHUKY, KOMOPbIE WUPOKO NPUCYIMCMBYIOM 8 COBPEMEHHBIX
cemsx nepedauu dNeKmposHepeun. IKCNIYAMAYUOHHbIE OaHHble U
pe3yibmamyvl  9Hepeoayouma - CGUOEMeNbCmEyIom 0 HAAUYUU
HEeCUHYCOUOATILHBIX DeNCUMO8, 4Mo mpedyem cO30aHus A0eK8amHbIX
MamemamuyecKux mooenei 0 MoYH020 aHAIU3d.

Hccnedosanue — MHO2ONPOBOOHBIX — JUHULL  DINEKMPOnepeoayu
noopasymesaem UCNONb306ANUE — MAMEMAMuYeckux  mooenel,
sxmouarwux — menezpagueie  ypaswenus. (OOuako, 01 NOJIHOU
A0eKB8AmHOCMU  MAaxol Mooenu mpedyemcss OONOJHUMENbHbIL Yuem
HeCKOIbKUX (ACNEeKmOs, GKIIoUAs 068e YenHvle JUHUU, NOBEPXHOCHIHbLIL
appexm, Haruuue 2po303aWUMHBIX MPOCO8 U B030elicmeue 3eMau Ha
npoyeccyl nepedas INeKmpoIHeP2UL.

B Oannoii cmamwve npedcmasnena mamemamuueckas MOOeub,
VUUMBIBAIOWAsT NEPEUUCTICHHbLE ACNEKMbl OISl MHO2ONPOBOOHBIX JIUHUIL
anekmponepedauu. Yumenvl 0COOEHHOCMU O8YX YENHLIX JUHUL,
NOBEPXHOCMHbLIL dhhexm 8 NPOBOAAX, HATUNUE 2PO303AUUMHBIX MPOCOS
U GNUsHUE 3eMIU HA Nepeoayy J1eKmpOIHePSUU.

Oma mooenb AGIAEmCcsi Pe3yLbmamomM YCOBePULEHCIMBOBAHUSL U
pacuiupenus cywecmaylowel mamemamuyeckol 6azvl 01 aHanu3a
MHO20NPOBOOHBIX — CUCeM — nepedayu  DJIeKMPOIHePSUU, YUMo
CYWeCmBEeHHO NOGbIULAENT MOYHOCMb U OOCMOBEPHOCMb NPOSHO308 U
pacuemos 6 chepe dNeKmMpOMEXHUKU U DJIeKMPOIHEPSEMUKIL.

Knouesvie  crnosa: — menezpagpuvie  ypasHmenus, — cucmema
INEKMPOCHADICEHUsI, NOMEPU  INEKMPUUECKOU IHEPSUU, CHUICEHUE

nomepbo, HeCMHyCOManleble pestcumol, meopema Konu-I'amunemona.
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Onekmp  diceninepindezi  cuHycouoamvl — emec — percumoepoi
MAMeMamuKaivl Moo0eivoey o01apobly HAKMbl NeMOeci JICYMbICbIH
MYyCIHY dicane bazanay yuiin mayvi3ovl. Byn scymvicma Kasipei 3amanzel
anexmp bepy dkceninepinde KeHineHn Ke30eCemiH Cbl3bIKMbIK eMeC HCIHE
JHCO2APBl  2APMOHUKAHBL  eCKepemin MOoO0elb Jcdcay  Kadcemminiel
Kapacmuipvinaovl. Ilatioanany Oepexmepi MeH IHepeusi ayOuminiy
Hamuoicenepi CUHYCOUOanbl emec pexcumoepdiy 60ybin Kopcemeoi, 0¥
0an manoay yuwin Oapabap mamemamuxanivlk Mooenvboepoi Kypyobl
manan emeoi.

Kon cvimovl anexmp diceninepin zepmmey menezpag menoeyiepin
KAMMUMbIH  MAMEMAMUKAIbIK  M00enboepli  KOIOaHYObl KAMMUOBL.
Anatioa, mynoai mooenv0oiy moaviK catikecmiei Oipneute acnexkminepoi,
COHbIH TWiHOe eKi mizbexmi Jicenini, bemmik 3Qpexmini, Hatiza2aidan
KOpeaimovli Kabenv0epoily OONYbIH JHCoHe HCepOiy INeKMP IHEPIUSCHIH
bepy npoyecmepine acepin KOCbIMULA ecenKe anyobl Kadjicem emeol.

Byn makanada ken cvimovl dnexmp diceninepi yulin amaniean
acnekminepoi ecKkepemiH MaAmMeMamuKaivlk Mmooeib oOepineen. Exi

mizbekmi  Jiceniniy  epexwenikmepi, cuimoapoazvl bemmik  acep,
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Hat3a2ai0an Kopeaumuli Kkabenv0epoiy 601ybl dHcaHe dHcepOiH dNeKmp
9HepaUsCLIH Oepyee acepi eckepineoi.

byn modenv snexmp snepeemuxacvl MeH 1eKMp IHEPLeMUKACH
canacviHoagvl 6OIANCAMOap MeH ecenmeynepOiy 021012l MeH CeHIMOLNIciH
e0ayip apmmulpamvlH 21eKmp IHEpeUsACbIH Oepyliy KOen CulMobl
acytienepin manoay yuiin KOIOAHbICTNARbl MAMEMAMUKAILIK 6a3anbl
Jrcemindipy men Kenelimyoiy Hamuoiceci 60abln mabwiiaobl.

Kinmmi cesdep: menespagh menoeynepi, snexmpmen xicabovbikmay
JHCcytieci, INeKMpP IHEPSUACHIHBIY IHCOANYbI, ULISLIHHBIY MOMeHOeYl,
cunycouoansi emec pedxcumoep, Keiinu-I amunomon meopemacul.
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